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Random Vectors

There are two efficient tools to study random vectors.

One is studying the joint distribution, which gives the
probability of each possible pair of values for the random vector.

Another is observing numerical characteristics, which can give
us information of the relationship between random variables.
As you can imagine, to handle the problems of random vectors
must be getting more complicated.
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Random Vectors and Joint Distributions

Let X and Y be two random variables defined on the same
probability space.

The distribution functions Fx(z) and Fy (y) of the given
random variables only determine their separate (marginal)
statistics.

How can we describe their joint statistics?

In this section, we show that the joint statistics of the random
variables X and Y can be completely determined by their joint
distribution function.



Random Vectors and Joint Distributions

The joint dzstmbutwn function (joint d.f.) of X and Y is
defined by

F(r,y) = P(X <z,Y<y), —oo<z,y<o0. (1)

All joint probability statements about X and Y can, in theory,
be answered in terms of their joint distribution function by
using the equation (1).





Random Vectors and Joint Distributions

For example,

(i) for any x; < x2,y1 < Y2, the event {X < z,y1 <Y <y}, we
maintain that

P(X <z, 51 <Y <o) = F(z,y2) — F(x,51);

(ii) for the event {z; < X < x2,Y < y}, we maintain that

P(ry < X <22,Y <y) = F(x2,y) — F(x1,y);

(iii) for the event {z; < X < z2,y1 <Y < y2}, we have

P(z1 < X <z2,y1 <Y < y2)
=F(r2,y2) — F(21,y2) — F(w2,51) + F(21, 1)



Random Vectors and Joint Distributions

Proposition

The joint distribution function F(x,y) is such that
(i) for any x1 < w2, F(x1,y) < F(32,9);
for any y1 <y2, F(z,y1) < F(,y2).
(if) F(—o0,y) =0, F(z,—00)=0, F(o0,00)=1.
(iii) lim+ F(z,y) = F(zo,y), lim+ F(z,y) = F(z,y0).

T Y=o
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A natural question is what values F(z,+00) and F(+00,y) are.





Random Vectors and Joint Distributions

The d.f. of the single variable X can be derived from the joint
d.f. F(x,y) as follows, for —oo < z < 00,

Fx(z)=P(X <z)=P(X <2,Y <) = F(z,0)
—P(hm{X z,Y < y})
) =

= lim P(X < <y) = lim F(z,y).

Y—00 Y—00
i.e., Fx(xz)= lim F(z,y).
Y—+00
Similarly, if Fy (y) denotes the d.f. of Y, then for —oo < y < oo,

Fy(y) = lim F(z,y).

T—00

The d.f. Fx and Fy are referred to as the marginal
distributions of X and Y.





Random Vectors and Joint Distributions

For instance, we wanted to compute the joint probability that
X is greater than z and Y is greater than y. This could be done
as follows.

P(X >zY >y)
=1-P{X >zY >y}
=1-p{{X >z} U{Y >y})
=1-PH{X <z} U{Y <y})
=1-[P(X<2)+P(Y <y) - P(X <,Y <y)
=1-Fx(z) - Fy(y) + F(z,y).




Random Vectors and Joint Distributions

Example

The joint distribution function of X and Y is

£ )
F(x,y) = A(B + arctan 5) (C + arctan 5), —00 < T,y < 0.
(a) Determine the values of the constants A, B and C.

a
(b) Determine the value of P(0 < X <2, 0 <Y < 3).
(c) Find the marginal distributions of X and Y.
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Solution. (a) Since F(o0,0) =1,
F(o00,00) = A(B+7/2)(C+7/2)=1.
Since F(—o0,y) = 0 and F(z, —o0) = 0,
F(—o00,y) = A(B — 1/2) (c + arctan g) —0

and .
F(z,—o00) = A( B + arctan 5) (C—m/2)=0.

1

ThuswehaveB:C:EandA:—.
2 2

(b) From equation (3.2), we know
PO<X<2 0<Y <3

= F(0,0) + F(2,3) — F(0,3) — F(2,0) = 1/16.



Random Vectors and Joint Distributions

Solution. (c) The marginal distributions of X and Y are

. 1/m T
Fx(z) = yli)n;o F(z,y) = ;(5 -+ arctan 5),
and

1
Fy(y) = lim F(z,y) = = (f + arctan g)

T—y00 2 2

respectively. O
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Discrete Random Vectors

For discrete bivariate random vectors, we always use the joint
probability function (joint p.f.)

p(z,y) = P{X =2} n{Y =y}) = P(X =2,V =)

of the pair of discrete random vector (X,Y’), whose possible
values are a (finite or countably infinite) set of points (x;,yx) in
the plane, where p(z,y) has the following properties:

(i) p(xj,yx) = 0, V(zj, yx) € R x R;





Discrete Random Vectors

From the definition of p(z,y), we know
Flzy)= > > plaj,u). (2)
TST YR SY
The probability P[(X,Y’) € A] is obtained by summing the joint
p.f. over pairs in A:
(xjryk)eA

When the function p(z,y) is summed over all possible values of
Y (resp., X), the resulting function is called the marginal
probability function of X (resp., Y ). That is,

px(z) =) plx,y) and py(y)=> plx,y).  (3)
Y 4z









Discrete Random Vectors

We can describe joint probability table by using a tabular.
The marginal probabilities are described in the last row and the
last column.

y ’ T T2 | T o | py(y)
Y1 p(z1,y1) | p(w2,y1) | - | pl@e, 1) | - | py(yn)
Yo p(w1,y2) | p(w2,y2) | - | (@i, y2) | - | py(y2)
éJj p(x1,y2) | plx2,y2) | - | pl@i,y;) | - éY(yj)
bX(m) px(®1) |px(z2) |- |px(@) |[--- |1

Table: The joint probability table of X and Y





Discrete Random Vectors

Suppose that the joint probability table of X and Y is described

m

Tl-1]o |2
y
0 0.1]03]a
1 0.1]01]0b

Assume P(XY =0) = 0.7. Find the values of a and b.

Solution. Since P(XY =0) =0.7,
P(XY =0)=P{X =0}U{Y =0})
= P(X =0)+P(Y =0)— P(X =0,Y =0)
=04+04+a—-03=0.7



Discrete Random Vectors

Thus a = 0.2. By the property > p(z,y) =1, ie., a+b= 04,
()
we get b = 0.2. O

Example

The distributions of X and Y are given in following Table.

z “1]0 |1 Y 0 |1
px(z) [ 1/41/2]1/4] |pyv(y) | 1/2]1/2

Suppose that P(XY = 0) = 1. Find the joint probability function
of X and Y.

V.




Discrete Random Vectors

Solution. Since P(XY =0) =1, px(0) = 1/2, and
py(O) = 1/2,

P(XY =0) = P{X =0} U{Y =0})

= px(0) + py (0) — p(0,0) = 1 — p(0,0) = 1.

Thus p(0,0) = 0, i.e., the joint probability table of X and Y is
given in Table

y |1 0 1 Py (y)
0 p(—l,O) 0 p(l,O) 1/2

1 p<_171) p((), 1) p(lal) 1/2
px(x) | 1/4 /2 | 1/4 |1




Discrete Random Vectors

By using equation (3), we immediately obtain
0+p(0,1)=1/2,
p(1,0) +p(1,1) =1/4.
Since p(x,y) = 0, we obtain
p(0,1) =1/2, p(=1,1) = p(1,1) =0, p(—1,0) = p(1,0) = 1/4.
Thus

7 -1 10 1 py (v)
0 /4]0 |1/4]1/2
1 0 |1/2]0 [1/2
px (2) /4172 [ 1/4 |1




Discrete Random Vectors

We have known that the d.f. of a discrete random variable X is
a step function, and all possible values are exactly those
breakpoints of the step function.

How about the relationship between d.f. and p.f. of discrete
bivariate random vectors (X,Y)?

Theoretically, we have equation (2), but it is really not that
easy.



Discrete Random Vectors

Suppose that the joint probability table of X and Y is Table 2.
Find the joint d.f. of X and Y.

Tlo |1
)
0 172 | 0
1 0 |12

Table: The joint probability table of X and Y in Example 4




Discrete Random Vectors

Solution. From the following Fig.,

we observe that for those kind of points A, B and C', we have
F(z,y) = P(X < z,Y <y) = P(0) = 0. For the kind of points
D, E and F in first quadrant,

F(z,y) =P(X<z,Y<y)=P(X=0,Y=0)=1/2.



Discrete Random Vectors

For the point G, which is in the upper right corner of the point

(1,1),
F(z,y) = P(X <z,Y <y)

=P{X=0,Y=0}u{X=1Y=1})=1/2+1/2=1.
So we have
0 for x <0 or y <0,

F(z,y)=¢1/2 for0<z<1,y>00rz>1, 0<y<1,
1 forx>1,y > 1.
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Continuous Random Vectors

Let X and Y be two continuous random variables. The random
variables X and Y are called (jointly) continuous if the joint
distribution function F'(z,y) can be expressed by the joint
probability density function (joint p.d.f.) f(x,y) as

F(z,y) = /_: /_a;o f(u,v)dudv.

The joint p.d.f. f(z,y) has the following properties:

i) f > 0 for any point (z,y) € R x R;

+oo +c>o
(ii / / (z,y)dzdy = 1.



Continuous Random Vectors

The probability P[(X,Y) € A] is obtained by integrating the
joint p.d.f. over the domain A:

Pl(X,Y) e Al = // f(z,y)dzdy.

Z,

2
exists

Let F(z,y) be a joint distribution. Suppose that 3
1%

and is nonnegative, except possibly on a finite collection of lines
in R2. Then the function f(x,y) can be obtained by

O*F
f(z,y) = 0z0y

0 elsewhere.

where this exists,



Continuous Random Vectors

Example

A bank operates both a drive-up facility and a walk-up window.
On a randomly selected day, let X be the proportion of time
that the drive-up facility is in use (at least one customer is being
served or waiting to be served) and Y be the proportion of time
that the walk-up window is in use. Then the set of possible values
for (X,Y) is the rectangle D = {(z,y) : 0 < 2 < 1,0 < y < 1}.
Suppose that the joint p.d.f. of (X,Y) is given by

6 2

—(r+vy for0<x<1,0<y <1,
flz,y) = 5 )
0 otherwise.

(a) Verify that f(z,y) is a legitimate joint p.d.f..
(b) Calculate the value of P(0 < X < 3,0<Y < 3).




Continuous Random Vectors

Solution. (a) To verify that this is a legitimate p.d.f., note
that f(z,y) > 0 and

[ sewdaay
:/1 /1 §(."ls—i-yz)de‘aly
/ / —xdxdy +/ / y2dxdy

6
= | 2ud 22y = — + —
/05xm+/ 54 W 10+15



Continuous Random Vectors

(b) The desired probability is

1
\47 S 4
1/4 6
(x—i-y )dzdy

|
1/4 rl/4 g 1/4 rl/4 g
:/ / —:L‘dxdy—i—/ / —y da:dy
0 0
7

== .0109.

POSX<-,0<Y<-)
4

[e=]



Continuous Random Vectors

Let X and Y have density

f@,y) Sry if0<y<zxz<l,
T,Y) =
Y 0 otherwise.

What are P(2X > 1,2Y < 1) and P(X +Y > 1)? Find F(x,y)

V.

Solution. Notice that constraints 2X > 1, 2Y < 1 require
that (X,Y) € A, where A is the square with vertices
(1/2,0),(1,0),(1/2,1/2),(1,1/2) of Fig. 3.5(a). Hence,

1 1
P(2X >1,2Y <1) :ﬁ /2 f(z,y)dydx
1 Jo
2

1 1 3
:8/ :cda:/ ydy = —.
RO



Continuous Random Vectors

Likewise, X +Y > 1 if (X,Y) € B, where B is the triangle with
vertices (1/2,0),(1,0),(1,1) of Fig. 3.5(b). Hence,

P(X+Y >1) // Sxydxdy—S/ dx/ xydy— =
=

zt+y>1, y<z

Finally, for the points A, B and C' satisfying x < 0 or y < 0,
F(z,y) =0.
For the point D satisfying 0 <y <z < 1,

Yy x
F(z,y) = / dv/ Suvdu = 2z%y% — yt.
0 v



Continuous Random Vectors

For the point F satisfying 0 < x < 1,y >z

F(z,y) =/ du/ Suvdv = z?.

For the point F satisfying z > 1,0 < y < 1,

y
F(z,y) = / dv/ Suvdu = 2y% — y*.
0 v

For the point (x,y) satisfying x > 1,y > 1, F(z,y) = 1. As a
result,

0 forz <0ory <0,
2022 —yt for0<az<y<l,

F(z,y) =< z* for0<z<lyy>zx
2y — o forz>1,0<y <1,
1 forx > 1,y > 1.



Continuous Random Vectors

For continuous random vector (X,Y’), we have

+o00o
/ f u, v)dvdu,

Yy +oo
= / f(u,v)dudv

since Fx (x) = limy_,00 F(z,y) and Fy (y) = im0 F(2,y).
By differentiating, we get

Definition

The marginal probability density functions of X andY are
defined by

+o00 +oo

fx(z) = flz,y)dy and fy(y) = flz,y)dz.  (4)

— 50 —00

<



Continuous Random Vectors

Example

Consider the joint p.d.f. f(x,y) defined by

flz,y) = cxye_g”Q—?J2 forx > 0,y > 0,

where ¢ > 0 is a constant.

(a) Determine the constant c.

(b) Determine the joint d.f. of (X,Y).

(c) Determine the marginal density function of X.




Continuous Random Vectors

Solution. (a) Since fjfoo fjoooo f(z,y)dxdy = 1,

+o0 +o0 5 3 +o0o 5 +o0 2
/ / crye™ " Y dxdy = c/ xe d:v/ ye Y dy
0 0 0 0

I ) = e = s

e
2 o

—c[ -

Thus this function is a valid joint density fuction if and only if
the constant c is equal to 4.



Continuous Random Vectors
(b) The joint distribution function of the pair (X,Y) is given by
F(x,y) / / duve " dudu
—/ 2ue™ du/ 2ve " dv
0 0

:( — e :) < — eV y) =(1- e_x2)(1 - e_yz)

0
for x > 0,y > 0.
(c) The marginal density function of X is

SFE9 2 2 2 SFED 2
fx(x) —/ drye™™ YVdy = 2xe™ " / 2ye Y dy
0 0

2 2| T
:2xex(—ey

) — 2ze? for x > 0.
0



Continuous Random Vectors

Example

Suppose that (X,Y) are random vector that can only take values
in the interval [0,2]. Suppose that also that the joint d.f. of X
and Y, for 0 <z <2 and 0 < y < 2, as follows:

1

F(z,y) = I—ny(w + ).

Determine the marginal p.d.f. fx(x) of the random variable X.

y

Solution. Since (X,Y) takes value only in the interval [0, 2],
we know if either x < 0 or y < 0, then F'(x,y) = 0. If both
x>2and y > 2, then F(z,y) =1. If 0 <z < 2 and y > 2, then
F(z,y) = F(z,2), and it means

F(z,y) = éx(az +2).



Continuous Random Vectors

Similarly, if 0 < y < 2 and x > 2, then
1
F(z,y) = gyly +2).

The function F(x,y) has now been specified for every point in
the zy-plane.
By letting y — oo, we find that the d.f. of the random variable

X is
0 for x < 0,
1
Fx(x) = gm(az+2) for 0 <x <2,
1 for x > 2.
By differentiating,
z+1
for 0 < x < 2,
fx(@)=4q 4 -
0 otherwise.



Continuous Random Vectors

Example

(Uniform distribution) Suppose that you pick a point (X,Y)
at random in the rectangle D = {(z,y) : 0 < z < a,0 < y < b}.
That is, if A is a subset of D with area |A|, then we have
4]
P(X,Y)e A) = —.
(X,Y)ed)="7

We call (X,Y) has uniform distribution on the domain D, de-
noted by (X,Y) ~ U(D).
(a) Find the joint d.f. and p.d.f. of (X,Y).
(b) Find the marginal p.d.f. of X and Y respectively.




Continuous Random Vectors

Solution. (a) If z > a,y > b, then

b
F(z,y) =P0< X <a,0<Y < ):“—b:
a
Ifo<xz<a, 0<y<b, then
Ty
F(z,y) =P0< X <z,0<Y y)——b
a
Ifx>a, 0<y<b, then
F(x,y):P(ogxga,ogygy):‘Lz:%.
a

Similarly, if 0 < < a, y > b, then F(x,y) = x/a. Otherwise,
F(x,y) = 0. That is,



Continuous Random Vectors

y
1 for x > a,

Yy

it for0<z<a, 0<y <h,
ab

Y
— b
b
x
a
0

elsewhere.

\
Differentiating wherever possible gives the joint p.d.f. of (X,Y")

1
O%F — for0<z<a, 0<y<b,
= =< ab (5)
Oxdy 0

otherwise.

f(z,y)
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(b) By equation (4), if 0 < x < a, then
+oo b 1 1
fx (@) _ f(z,y)dy /O Ay =

Otherwise, fx(z) =0. i.e., X ~U(0,a),

1
- for 0 < z < a,
fx(z)=4qa
0 otherwise.
Similarly, Y ~ U(0,b),
! forO<y<b
- or Yy ,
fr(y) =<0
0 otherwise.
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In fact, the domain D in above example can be generalized to
any finite region on R2. If (X,Y) ~ U(D), then for any
subregion A € D,
4]
P(X,)Y)e A) = —,
D]
where |D| is the area of D. Obviously, the probability is only
dependent on the subregion’s area and independent of its
position or its shape. The corresponding joint p.d.f. is
! if (z,y) € D
T 1 z,y )

0 otherwise.
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If the joint p.d.f. of (X,Y) is specified by

1 (z—p1)? (z—p1)(w—pg) | (y—pz)?
1 6—2(1_”2)[ 011 —2r 011(’2 2 U%z ]

2no1094/1 — p? 7
(7)

flz,y) =

—00 <2< +00, —o0 <Y< +00,

where —oco < 1 < 400, —00 < g < 400, g1 > 0, g9 > 0,
—1 < p < 1, then we say that (X,Y) has a bivariate normal
distribution, and denote it by (X,Y) ~ N(u1,u2;0%,05;p).
Find the marginal p.d.f. of X and Y.

V.

Solution. Lett=p Then

T y—p
o1V1—p% o241 — p?
1 emm)?  @ow)op)  @ope) 2 o m)?

2(1 — p2?) O‘% o102 0’% ) 20%
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By equation (4),

+oo
tx@= [ feydy

z = Y — p2 ]2_(90—#1)2}(1

1 /+°° 1
_— exp{ - = [p =
2no102y/1 — p? J—oo 20 g1y/1—p2  o2y/1—p? 207

1 /+°° £ (z—p)?
_ exp ———7}- — o2V 1 — p?)dt
2ro102+/1 — p? J—oo 2 20’% ( )

Lt 1 g
= —F——¢ 7 = e
\/ﬂal V21 J—o
1 _(z—p1)?
= —e 207
\/%0'1

It is exactly a normal distribution with parameters 1 and o7,
i.e., X ~ N(u1,0?). Similarly, we can prove Y ~ N(ug,03). [



Thank you for your
patience !
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